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Thermal expansion in materials can be accurately modeled with careful anharmonic phonon cal-
culations within density functional theory. However, because of interest in controlling thermal
expansion and the time consumed evaluating thermal expansion properties of candidate materials,
either theoretically or experimentally, an approach to rapidly identifying materials with desirable
thermal expansion properties would be of great utility. When the ionic bonding is important in a
material, we show that the fraction of crystal volume occupied by ions, (based upon ionic radii), the
mean bond coordination, and the deviation of bond coordination are descriptors that correlate with
the room-temperature coefficient of thermal expansion for these materials found in widely accessible
databases. Correlation is greatly improved by combining these descriptors in a multi-dimensional
fit. This fit reinforces the physical interpretation that open space combined with low mean coordi-
nation and a variety of local bond coordinations leads to materials with lower coefficients of thermal
expansion, materials with single-valued local coordination and less open space have the highest
coefficients of thermal expansion.
I. INTRODUCTION
Because of the potential for temperature gradients or
other thermal stresses to cause electronic devices to fail,
knowledge of the coefficients of thermal expansion (CTE)
of materials is important. Either active materials with
desired thermal properties or composites of active and
compensating materials can mitigate the ill effects of
thermal expansion in real devices1,2. A compensating
material must be chemically and electrically compatible
with the functional material and will typically contract
with increasing temperature; i.e. it will exhibit negative
thermal expansion (NTE). While the CTEs for many ma-
terials have been cataloged, the set of known NTE mate-
rials is small, and materials appropriate for specific ap-
plications may not yet be available. A means of rapidly
predicting the thermal expansion properties of yet-to-be
investigated materials will be extremely useful.
The displacement of the equilibrium positions of atoms
in a material with temperature is the source of ther-
mal expansion. While anharmonicity in the vibrations
of bonded pairs of atoms will drive the atoms farther
apart with increasing temperature, crystal structure also
plays an essential role in the specific thermal expan-
sion characteristics of a material, providing behaviors
over the range from positive thermal expansion (PTE)
to NTE. Accurate theoretical modeling of thermal ex-
pansion in materials necessitates quantum mechanical
calculations and dynamical calculations or, minimally,
quasi-harmonic modeling. As a result, typical calcu-
lations of thermal expansion address the microscopic
causes of experimentally-observed CTE on a case-by-case
basis. Especially prevalent recently are experimental and
theoretical investigations of materials that exhibit NTE,
such as ZrW2O8
3–15, M2O (with M = Cu,Ag,Au)
16,
ReO3
17,18, and ScF3.
19,20 Except for materials with very
similar electronic and structural properties, a global
picture capable of guiding searches for new materials
with desired thermal expansion characteristics is slow
to emerge. While a useful high-throughput approach
to estimating material thermal properties, employing fits
of DFT-calculated energy-volume curves to equations of
state and employing a quasi-harmonic Debye approxima-
tion, has been developed21 and recently improved22, the
approach we present provides an complementary picture
through its focus on local structural properties. Compre-
hensive reviews of thermal expansion in materials, em-
phasizing NTE in both theory and experiment, can be
found in Refs. 23 and 24.
For microscopic atomic displacements to create NTE,
the motions of the atoms must carry them into spaces al-
ready existing within the lattice, while simultaneously
drawing neighboring ions closer together. It is well-
known23,24 that the definition of the volumetric thermal
expansion αv,
αv =
1
V
(
∂V
∂T
)
P
, (1)
can, with the help of a Maxwell relation, be rewritten as
αv = −
1
V
(
∂S
∂P
)
T
, (2)
which shows that for a material to exhibit NTE, en-
tropy must increase with pressure, contrary to typical
expectations. Typically, decreasing the volume available
to a free particle is associated with decreasing entropy.
The definition in Eq. 2 is isothermal, which effectively
means that the momentum space contribution to entropy
changes negligibly relative to the real space contribution.
From this we deduce that applying pressure in an NTE
material effectively increases the volume available to its
constituent atoms. On the other hand, applying pres-
sure to PTE materials (at constant temperature) results
in decreasing entropy, implying a corresponding decrease
in the effective volume available to the atoms that follows
from the same line of argument used above. In order for
there to be more volume available to the atoms within
2a crystalline material despite decreasing total volume,
atomic motions must be directed more significantly into
the open spaces within the lattice. In other words, the
atomic motions possess significant components in direc-
tions perpendicular to the bonds with nearest-neighbor
atoms. The difference between NTE and PTE is there-
fore directly related to the degree to which ionic thermal
displacements are longitudinal or transverse with respect
to the bonds. Experimental evidence supporting this
view is found, for example, in a study of NTE in ScF3,
in which inelastic neutron scattering shows that the Sc-F
bonds lengthen with increasing temperature and that the
material contracts over a wide temperature range as a re-
sult of large transverse motions of the F ions19. In our re-
cent molecular dynamics investigation, we demonstrated
that thermal expansion in a single structure, with ex-
panding bonds modeled with first- and second-neighbor
interactions via Morse potentials, can be varied from
NTE to PTE by increasing the second-neighbor interac-
tion strength relative to the first-neighbor interactions.25
By adjusting second-neighbor interactions, we reduced
the transverse motions of the light ions, resulting in the
emergence of PTE in the model. The key element per-
mitting transverse motion in these examples is low bond
coordination, which is necessarily linked to open lattices.
We propose that an approach to predicting thermal ex-
pansion can be found by scanning the literature for the
structures of crystals, focusing on quantities that may
have a relationship to the entropy of the material and
its potential to increase or decrease with respect to pres-
sure, such as the space occupied by ions and their bond-
ing coordinations. We employ the wealth of structural
information in databases such as the Inorganic Crystal
Structure Database (ICSD)26,27 and the Crystallographic
Open Database (COD)28–32 in this work. By correlating
materials with known CTE to their structures, we can
begin to determine useful descriptors for thermal expan-
sion. As a result of the lack of complete temperature
dependences of the CTE for many of the materials in-
vestigated here, we focus on structures stable at room
temperature and their CTEs. In Section II, we discuss
the physical underpinnings for the quantities that we pro-
pose for descriptors of CTE. In Section III, we present
the choice of descriptors from the original list of quanti-
ties of interest along with the result of performing a fit
using the descriptors developed. We conclude with a dis-
cussion of the implications this correlation will have in
the search for materials with desired thermal expansion
properties.
II. PROPOSED DESCRIPTORS
For each atom in a unit cell of each material, the
number of nearest neighbors and formal oxidation state
are determined. From this information we obtain ionic
radii33 ri for each ion and an estimate of the volume
each ion occupies (assuming it occupies a sphere of vol-
ume Vi =
4
3
pir3i ). The fractional volume occupied is the
total volume estimated for all the atoms in the unit cell
divided by the volume of the unit cell Vu.c.:
v =
1
Vu.c.
∑
i
Vi . (3)
A complete list of the data used for this investigation is
provided in the Appendix. As seen in Fig. 1, thermal
expansion data for the materials we sampled show that
there is a relationship between thermal expansion and
the volume occupied by atoms in the lattice; more open
space corresponds to a greater likelihood for NTE.
The cluster of points with αv >∼ 90× 10
−6/K in Fig. 1
consists of binary materials that have the rock salt struc-
ture, with the corresponding high coordination provid-
ing an explanation for the large positive thermal expan-
sion in these materials. We note that Coulomb inter-
actions between second neighbors will be repulsive and
strong. The data point with the highest volume occu-
pied and very low PTE belongs to cubic BN. Because of
its zincblende structure, the B and N atoms in BN have
tetrahedral coordination. We also note that BN has a
high bulk modulus, which implies that the tetrahedral
bonds are strong and maintain their directionality. Al-
though the volume occupancy of BN is high, the strong
bonds produce a smaller thermal expansion. (The situa-
tion in BN is reminiscent of the diamond phases of C, Si,
and Ge, which all have small values of αv at room temper-
ature. It is notable that Si exhibits NTE at lower tem-
peratures, indicating a lower barrier to transverse mo-
tions of its atoms.) Although low bond coordination in
a material is a possible descriptor to predict thermal ex-
pansion coefficients, it is not sufficient on its own. Low
coordination, such as seen in BN, is a result of direc-
tional bonding. But low coordination also occurs at the
linking atoms in a crystal structure that is composed of
groups of atoms forming stable units, as is the case for
ScF3, ReO3 and other perovskite materials. Collective
rotational-vibrational motion of these units is known as
a rigid unit mode (RUM)34. RUMs are cited as the un-
derlying cause of NTE in ScF3, ReO3
18, and, arguably, in
ZrW2O8
12. The atoms at the linking points of the rigid
units typically are two-fold coordinated, while the atoms
at the centers are more highly coordinated. The thermal
vibrations of the RUM tend to be low frequency, carrying
low-coordination atoms significant distances in directions
transverse to the bonds. We note that the RUM is also
presented as a foundational model for displacive phase
transitions35 connecting these vibrational modes to sym-
metry changes at phase boundaries. The importance of
phase boundaries for which the higher-temperature phase
has a smaller volume (and higher entropy) has been in-
troduced as a thermodynamic cause of NTE36,37. As
the temperature is increased toward the phase boundary
from below, thermal fluctuations introducing an increas-
ing fraction of the lower-volume, higher-entropy structure
into the lattice is shown to be the necessary condition for
NTE36,37. This is consistent with the observation above
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FIG. 1. The experimental coefficient of thermal expansion
(αv,expt) is plotted as a function of fractional volume occu-
pied as defined in Eq. 3 for the materials gleaned from the
literature. Apparently, NTE is possible only when v is less
than ≈ 0.5.
that greater entropy must be associated with smaller vol-
ume in NTE materials. As a result of these observations,
we suggest that the variability of bonding coordinations
in a material, indicative of rigid units, is a key structural
quantity to be used as a descriptor for thermal expansion.
III. RESULTS AND DISCUSSION
Quantities extracted in the search for descriptors, in
addition to v, are the mean bond coordination 〈c〉, its
standard deviation σc, the mean atomic mass 〈m〉, the
minimum mass mmin, the maximum mass mmax, and the
standard deviation of mass σm. In Fig. 2, we display the
linear correlations between descriptor candidates and the
experimental αv. In addition, we include unitless ratios
σc/〈c〉, σm/〈m〉, and the ratio of minimum to maximum
massmmin/mmax. The quantities that have the strongest
correlations with the αv are v and 〈c〉, with correlations
0.48 and 0.55, respectively. The next-most-highly cor-
related quantity is σc, with a (negative) correlation of
−0.42 to αv. Furthermore, this quantity does not cor-
relate with either the volume ratio v or the mean coor-
dination 〈c〉. The candidates involving mass have low
correlations with αv and are neglected. Finally, we de-
termine that v, σc, and 〈c〉 are a good set of descriptors.
To discover the relationships between these descrip-
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FIG. 2. (Color online) The correlations (Pearson-r) between
candidate descriptors and the coefficient of thermal expan-
sion αv for 71 materials taken from the literature. Moderate
linear correlation with αv is found for both the mean coordi-
nation and occupied volume. Weak-to-moderate correlation
is exhibited by both the mean mass and the ratio of minimum
to maximum atomic mass. Focusing on quantities which cor-
relate strongly with αv leads to a set of three descriptors:
the occupied volume, the mean coordination, and standard
deviation of the coordination.
tors and the experimentally-measured values of αv, we
performed a second-order polynomial fit of these three
descriptors to the 71 materials in our data sample, using
the relation
αv,calc (v, 〈c〉, σc) =
∑
i+j+k≤2
cijk v
i〈c〉j (σc)
k
. (4)
The correlation plot for this fit is displayed in Fig. 3,
and the coefficients are listed in Table I. The correlation
coefficient is 0.83, and the RMS-deviation between the
fit and the data is 26× 10−6 K−1, a noticeable improve-
ment in correlation over the data displayed in Fig. 1,
with outlying (alkali-halide) points more closely fit. In-
cluding only linear terms in the fit did not produce an
acceptable interpolation. Adding cubic terms produced
a substantially better fit but the trends we describe be-
low are unchanged by the additional terms. Points to
the right of the diagonal are ones for which the model
predicts thermal expansion greater than the experimen-
tally measured value. The previously noted deviation in
BN has been nearly eliminated. The predicted values
for the ionic solids have also been increased toward their
experimental values. The material with largest positive
deviation (αv,calc > αv,expt) is Bi2Se3. The largest nega-
tive deviation arises for LiI.
In order to visualize the model and to isolate ranges
of the descriptors that characterize the CTE, we present
4TABLE I. The parameters used in Eq. 4 to evaluate
αv,calc(v, 〈c〉, σc). Uncertainties are based on a nominal ex-
perimental αv error of 10
−6 K−1.
i j k cijk
0 0 0 −290± 5
1 0 0 685± 9
0 1 0 15± 1
0 0 1 103.7 ± 0.8
1 1 0 123± 1
1 0 1 −132± 1
0 1 1 −14.3 ± 0.1
2 0 0 −964± 7
0 2 0 −5.7± 0.2
0 0 2 12.0 ± 0.1
−50 0 50 100 150 200
αv,calc(v, 〈c〉, σc) (10
−6K−1)
−50
0
50
100
150
200
α
v
,e
x
p
t
(1
0−
6
K
−
1
)
BN
Bi2Se3
LiI
NaMgF3
FIG. 3. (Color online) Correlation plot of room-temperature
experimental and calculated αv generated by a ten-parameter
second-order polynomial fit to experimental data using Eq. 4
with the parameters in Table I. The root-mean-squared de-
viation of the calculated coefficients of expansion, indicated
with blue dashed lines, is 26 × 10−6K−1. The Pearson-r for
this fit is 0.83.
contours of constant αv,calc across the ranges of 〈c〉 and
σc at fixed volume ratios v = 0.3, 0.4, . . . , 0.8 in Fig. 4.
Superimposed on the contours are points indicating the
descriptor values of data used in the fit, including volume
ratios within ±0.05 of the value of v displayed in the cor-
responding panel. NTE materials are indicated in Fig. 4
with red dots. As noted previously, materials with the
lowest filled volume ratios are most likely to have NTE.
In panels (a) and (b) in Fig. 4 we see that the NTE
materials generally have 〈c〉 <∼ 4 and coordination devi-
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FIG. 4. (Color online) Contour plots showing the dependence
of the calculated αv upon 〈c〉 and σc at fixed volume ratios
v, as indicated. The markers plotted display the descriptor
values for the materials used in the fit, with black circles for
PTE materials and red squares for NTE materials. The vol-
ume ratios for the data points displayed in each panel fall
within ±0.05 of the value of v indicated in each panel. All
experimental αv values are measured at room temperature.
ations σc ≈ 2, the exception being LiAlSiO4, which has
αv,expt = 1.2× 10
−6 K−1. In addition to open space, im-
portant contributors to NTE are low mean coordination
and a distribution of local coordinations.
The majority of materials in this work have volume
ratios around 0.5 to 0.6 and are displayed in panels (c)
and (d) in Fig. 4. These materials also generally pos-
sess αv,expt ≈ 30 × 10
−6 K−1 that would be considered
typical. Mean coordinations are generally greater than
that found in the NTE materials in panels (a) and (b).
Many of the materials in this volume ratio neighborhood
have zero coordination variance as a result of their sim-
ple structures. In particular, the ions in the rock-salt-
structured alkali halides have identical coordination en-
5vironments and are highly coordinated, resulting in the
highest values of PTE. Most of the perovskite oxides in
this study also appear in panels (c) and (d) of Fig. 4 and
have greater mean coordinations but they have greater
deviations in coordination, due to a structure that con-
sists of octahedra linked by two-fold coordinated oxygen
atoms. This structure leads to a greater ability for atomic
motions that are transverse to the bond and, therefore,
to lower values of PTE. In panels (e) and (f) of Fig. 4 the
data points occupy the highest and lowest values of σc.
A number of the samples have identical values of both
〈c〉 = 6 and σc = 0, similar to panels (c) and (d), again
leading to larger PTE.
Summarizing, the trends indicate that NTE requires
v <∼ 0.5, 〈c〉
<
∼ 4, and σc ≈ 2, which is a large value
in comparison to the mean coordination. With larger
volume ratios, again it is observed that materials with
σc around half the value of 〈c〉 have the lowest thermal
expansion values. These materials can typically also be
modeled within the RUM34. Highly coordinated mate-
rials, 〈v〉 ≈ 6, with zero deviation generally have strong
PTE.
The CTE of Bi2Se3 is overestimated, by the present
picture. While the descriptor values, v = 0.75, 〈c〉 = 6,
and σc = 0, would predict large PTE, the material has
a layered structure, leading to more open space and to
anisotropic expansion, unlike most of the materials in
this work. We note that BN, which was a significant
outlier in Fig. 1, is now slightly underestimated, with
αv,calc = −5.6× 10
−6 K−1. A number of materials with
zincblende or diamond lattice structures, such as Si, show
NTE for a range of low temperatures38. A relatively low
resistance for B-N-B (or Si-Si-Si) bond angles to change
may account for the discrepancy between the model and
experiment. While the present model does not have a
parameter that directly represents this particular charac-
teristic, the mean coordination does provide some insight
into it. The αv values of LiI and NaMgF3 are underesti-
mated in the the present picture. These outliers include
atoms from the top row of the periodic table, suggesting
this as a reason for the deviations.
IV. CONCLUSION
The thermal expansion properties of solids emerge
from the dynamics of ions and the bonds that join them.
While the full quantum-mechanical nature of bonding
and atomic arrangement together are responsible for this,
we demonstrate that significant insight into the value of
the coefficient of thermal expansion at room tempera-
ture is gained by focusing on the structural aspects of a
material. Descriptors based on the open space, as quan-
tified by ionic volume and unit cell volume, mean bond
coordination, and variability of local bond coordination
permit estimation of the thermal expansion coefficient of
a variety of materials, including ionic binary compounds,
perovskites, silicates, and other oxides, using only the
crystal structure of the material and the ionic radii. A
higher value of the coefficient of thermal expansion is
expected when a material has a high ionic volume fill-
ing ratio and single-valued local coordination, especially
when the value is large. On the other hand, negative
values of the thermal expansion coefficient arise in mate-
rials for which the volume filling is low and the mean local
bonding coordination is small, coupled with a deviation
of coordination that is large in comparison to its mean
value. These descriptors not only reinforce the physical
description thermal expansion but also provide guidance
for the search for new materials capable of mitigating
thermal expansion in devices.
Appendix:
Table II lists the sources of structures and CTE used
in this work. The measurements are taken from available
room-temperature data.
TABLE II: All structural data used in this work are found in
either the Crystal Online Database (COD) or in the Inorganic
Crystal Structure Database (ICSD). Each material is listed
with its database index. Experimental αv values are listed
with their data sources indicated. The volume ratio v, mean
coordination 〈c〉, and standard deviation of the coordination
σc are evaluated as described in the text.
Material COD ICSD αv,expt αv,calc v 〈c〉 σc
AgBr 1509151 102.3039 118.61 0.72 6.00 0.00
AgCl 56538 98.7039 114.10 0.67 6.00 0.00
Al2FeO4 9001970 15.60
40 43.22 0.59 5.26 0.98
AlN 54697 7.6841 23.45 0.49 4.00 0.00
Al2Fe3Si3O12 1531283 15.80
40 27.12 0.56 5.94 1.80
Al2Mg3Si3O12 9000138 19.90
40 27.08 0.56 5.94 1.80
Al2Mn3Si3O12 9002695 17.20
40 26.26 0.56 5.94 1.80
Continued. . .
6TABLE II – Continued
Material COD ICSD αv,expt αv,calc v 〈c〉 σc
Al2Si5O 1011204 13.29
40 21.33 0.50 4.19 1.22
Al2W3O12 90936 −4.50
42 0.38 0.36 4.15 1.49
BN 9008834 3.4541 −5.60 0.82 4.00 0.00
BPO4 1010299 28.20
43 8.06 0.48 3.60 0.89
BeAl2O4 9000120 23.80
40 29.25 0.61 4.80 1.37
BeO 15620 16.9541 37.08 0.60 4.00 0.00
Be2SiO4 9001088 16.80
40 20.35 0.51 3.93 0.26
Be3Al2Si6O18 1010541 3.00
44 5.06 0.42 4.21 0.93
Bi2Se3 1530736 41.01
45 118.67 0.75 6.00 0.00
CaGeO3 9000904 31.10
40 21.53 0.62 6.00 2.31
CaOTi3 1000022 75.00
44 22.95 0.58 6.00 2.31
CaO 1000044 37.5039 76.25 0.53 6.00 0.00
Ca3Al2Si3O12 9000236 19.20
46 27.21 0.57 5.94 1.80
Ca3Fe2Si3O12 9007693 20.60
40 23.82 0.54 5.94 1.80
Cr2FeO4 9007325 9.90
40 38.76 0.55 5.28 0.98
Cr2MgO4 9006180 16.50
40 32.62 0.51 5.28 0.98
FeO 1011169 33.9040 78.82 0.53 6.00 0.00
FeTiO3 1011033 27.90
40 41.52 0.54 5.60 0.89
Fe3O4 9002316 20.60
40 25.50 0.48 5.28 0.98
GaN 1010168 10.1147 17.70 0.47 4.00 0.00
GeZn2O4 16173 0.00
48 −20.73 0.37 3.82 0.39
HfO2 1528988 15.80
40 26.12 0.55 6.17 1.60
KBr 9008650 117.6049 86.85 0.56 6.00 0.00
KCl 165593 114.9039 85.20 0.55 6.00 0.00
KF 9008652 95.1050 91.44 0.57 6.00 0.00
KI 9008654 113.7051 95.34 0.58 6.00 0.00
KNbO3 1531431 15.00
44 24.05 0.74 5.50 4.73
LiAlSiO4 9002541 −1.20
40 −4.16 0.41 3.85 0.40
LiAlSi2O6 9000347 22.20
40 26.62 0.51 4.58 1.39
LiBr 9008664 146.7050 115.56 0.68 6.00 0.00
LiCl 9008665 131.1050 114.16 0.67 6.00 0.00
LiF 181799 106.5052 97.51 0.59 6.00 0.00
LiI 9008669 177.0039 118.79 0.73 6.00 0.00
MgF2 1526229 33.00
44 23.71 0.49 4.00 1.55
MgFe2O4 1011245 20.50
40 28.78 0.50 5.28 0.98
MgGeO3 9000957 22.40
40 15.82 0.44 4.61 1.33
MgO 9863 32.4053 97.40 0.59 6.00 0.00
Mg2GeO4 9010486 32.10
40 38.08 0.54 5.28 0.98
MnO 1010393 34.5040 76.88 0.53 6.00 0.00
Mo3Fe2O12 1524203 29.10
54 1.06 0.35 3.69 1.50
NaAlSi2O6 9000143 24.70
40 31.29 0.56 5.00 1.97
NaAlSi3O8 9000526 26.80
40 −1.99 0.40 3.62 1.01
NaBr 9007464 125.7050 99.48 0.60 6.00 0.00
NaCl 4320809 121.2055 92.71 0.57 6.00 0.00
NaCrSi2O6 1531195 20.40
40 31.77 0.54 5.00 1.97
NaF 262837 102.6049 83.26 0.55 6.00 0.00
NaI 9008681 135.0050 108.86 0.64 6.00 0.00
NaMgF3 9001612 102.00
44 32.18 0.57 4.60 2.11
NaNbO3 1011064 33.00
44 36.08 0.66 6.67 5.03
ReO3 77679 2.4
18 0.73 0.60 3.00 2.00
RbBr 9008706 117.0049 85.33 0.55 6.00 0.00
RbCl 22166 120.6056 82.19 0.54 6.00 0.00
RbI 9008710 114.0051 89.51 0.56 6.00 0.00
ScAlO3 9005883 27.00
40 43.45 0.59 5.50 1.08
ScF3 261072 −24.00
57 29.10 0.34 3.00 2.00
Sc2Mo3O12 391467 −6.30
58 −14.32 0.32 4.15 1.49
Continued. . .
7TABLE II – Continued
Material COD ICSD αv,expt αv,calc v 〈c〉 σc
Sc2W3O12 50941 −6.60
58 −15.54 0.31 4.15 1.49
SrO 163625 41.1639 74.65 0.52 6.00 0.00
SrTiO3 7212245 28.20
59 26.26 0.68 6.67 5.03
SrZrO3 1521387 26.30
59 18.34 0.51 6.00 2.31
TiO2 4102355 23.70
44 30.64 0.54 5.00 1.73
ZrO2 2300544 21.20
40 25.53 0.55 6.17 1.60
ZrSiO4 1011265 12.30
40 11.87 0.49 3.78 0.67
ZrW2O8 262061 −27.30
60 −21.68 0.35 4.87 1.12
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